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Surface stability of granular systems under horizontal and vertical vibration: The applicability
of a coefficient of friction
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We investigate the conditions under which the surface of a granular pile becomes unstable to vibrations.
Three stability boundaries are identified, which depend upon the relative phase of the driving forces and the
angle of the prepared slope. The experimental findings can be interpreted within the context of a Coulomb
friction model and used to define an effective coefficient of friction. For up-hill motion we find that the
coefficient of friction depends strongly on the slope angle and that, in general, it requires less vibration to
transport grains uphill than would be otherwise expected.

PACS numbe(s): 45.70.Ht, 83.70.Fn

[. INTRODUCTION grains under both vertical and horizontal vibrations has not
been widely considered. In particular, the conditions of vi-
A high proportion of industrial raw materials exist in the bration under which the surface of the granular arrangement
form of powders or grains and, at some phase of the produd©ses stability have yet to be fully understood.

tion process, they are subjected to shaking and flow. Since, Recently Tennakoon and Behringer have studied the sta-

e . : .
the early work of Faraday on the behavior of granular Sys_blhty of granular surfaces to both vertical and horizontal vi-

. . . bration by observing “self-piling”[18]. Under certain con-
fcems_ un_der vibratiol], many studies have been Cpnqucte‘jditions o%/ vibrationga granloularg s[yst]em will spontaneously
in this field. However, to date, we are only beginning 1o yeyelop a slope, the angle of which increases with time until
understand the wealth of dynamical physical properties exan equilibrium is reached. Tennakoon and Behringer mea-
hibited by these materia[2-5]. sured this slope as a function Bf,, for a range of values of

Granular systems show a very wide range of behavior§',,, and in comparing their results with the predictions of a
under vibration, generally dependent upon parameters thatatic friction model noted substantial deviations. Experi-
include the coefficients of restitution of the grains and thementally we find that measurements of this kind are often
vertical and horizontal acceleration of the system. For sinugquite difficult to perform. The timescale for the approach to
soidal vibration, the latter can be conveniently expressed astatic equilibrium may be extremely long and the measure-
I'y=Ayw?/g andT'y=A,w?/g, the ratios of the maximum ments are often affected by the motion “jamming.” The
accelerations resulting from the vibration to that of gravity.expected up-hill movement may cease at an early stage and
Here A, and A, are the amplitudes of vibration in the ver- Not occur again until the apparatus is lightly tapped. The
tical and horizontal directions, respectively, ands the an-  Piling observed at higher values bt (for a given value of |
gular frequency. Solely under sinusoidal vertical excitation! v) corresponds to a dynamic rather than a static equilib-

for which ', somewhat exceeds unity, grains placed upon &M the surface grains undergo a stick-slip motion during

vibrating surface may spontaneously form into conical pileseacr1 cy_cle of the dr|V|_ng_ OSC'”a“Q’?- The analysis of such a
otion in terms of a friction coefficient is far more complex

[1]. If the grains are contained within a box, the system ma)}ﬂ i ‘ o o
break symmetry by forming shapes with tilted surfa@:6: than modeling static equmb_rlum. Because of the;e d|ff|_cul-
there is evidence that the presence of air is involved in th&i€S We have chosen a different approach to investigate
formation of these slopdg]. Within the bulk of the material vv_hether simple friction models may b.? apphed to granular
convective motion has been obserjé¢B,9. At higher val- piles and have observed surface stability dlrectly._ .
ues ofl"y(>2.5) the formation of arches and surface waves In the present paper we _study tr_'e surface Stab'.“ty Of_ sand
are eviden{10,11 and in shallow layers of vibrating grains a}nd glass ballotini by app'y”?g horl_zon_tal and yerthal vibra-
a wide range of patterns may be generdtEz]. These arch- tion to prepare_d .sllopes, anq Investigating the V|br.at|onal con-
ing, surface wave and pattern formation effects are enhanceqit'ons for the initiation of e|th'er'up-h|II or down-hil §urface
by the removal of air. Grains confined in a box subjected tgnovement. We pb'serve deV|at|on§ from the predictions of
horizontal vibration alone also undergo convective flda]. the COU'O”_‘b _f”Ct'on model, which becc_)me more pro-
Substantial simultaneous vertical and horizontal vibra-n_Ounced _W'th mcreaseo! frequency and with r_edu_ce_:d grain
tions are applied to granular systems to produce conveyan 12€. At. higher frequenqes and.for smaller grains it Is nota-
ing, an important transportation mechanism in a wide rang ly easier to move grains up .h'”.than th(_a simple Coulomb
of industrial processes. In theoretical treatments of conve);—noqel pred|ct§. Our findings highlight the mpprtqnce of cok-
ancing however, each grain is usually considered to interaé?cuve dynamics at the onset of surface fluidization.
in isolation with the vibrating surface and, if the vibration is
sufficient for the grain to leave the surface, the subsequent
collision is assumed to be completely inelastic so that the The Coulomb model of friction is well known. An object
grain does not bouncgl4—-17. The collective behavior of placed on a surface will remain stationary until a tangential

Il. PREDICTIONS OF THE COULOMB MODEL
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force F is applied that exceedsF,, whereF is the nor-
mal force at the surface and is the coefficient of static
friction. In a wide range of situationg is observed to be
only weakly dependent on the magnitudeFqf. An object

will remain at rest on a surface inclined at an angl®o the
horizontal provided that tam) < since on such a surface
the forcesF; and Fy will be equal to mgsin(d) and
mgcos(@), respectively. The same ideas have been applied tc
the surface stability of granular systeiris]. However, the
surface is not homogeneous at the granular scale. A grain ol
a surface composed of similar grains lies in a local potential
well formed by its neighbors and the depths of these wells
are not in general identical. As the granular surface is slowly
tipped to increasing angles, for example by inclining the con-
tainer, the grains in the most shallow wells will fall down the + phase

slope to find a more secure position, or excite other grains

from their own wells causing an avalanche. Itis at first sight  FiG. 1. The four situations that may lead to the onset of surface
surprising that the angle at which major avalanching occursipstability within the simple Coulomb model of frictiofig) and (b)

the static angle of reposk, may be reproducibly measured, correspond to ““” phasing ofI'y andI';, while (c) and (d) cor-
often to within about 1°. A granular “coefficient of static respond to “+” phasing.
friction” may then be defined by.=tan(fs). The question

addressed here is the extent to which this coefficient may be

used to estimate the surface stability of a granular system FH=1'M_+ tt(l—FV), (2
over a range of slope angles and under a range of dynamic M
situations where tangential and normal forces are applied
through vibration. and a down-slope segment
Consider a granular slope of anglesubjected to both a
sinusoidal vertical vibration of amplituda,, at an angular pu—t
frequencyw and a sinusoidal horizontal vibration of ampli- H 15t (1+Ty), 3

tudeA,, at the same frequency. We will restrict our study to

situations in which the horizontal and vertical motions arecorres onding to Fig. ). The cusp ai is the transition
either exactly in phasé+ phas¢ or 180° out of phase ponding 'g. (D). usp ' "

(— phase. In either case a surface grain that is stationz‘;lr)Pewveen down-slope and up-slope movement. The resulting

with respect to the surface is subjected to the force of gravinyeg'onS of stability in the {,I'v)) plane are shown for the

: : : . _"— phase and the- phase as shaded regions in the insets to
plus the forces from adjacent grains resulting from the vibra-_. P . o .
tion. Following Tennakoon and Behringgt8], let us first Fig. 2. The highex(broken) stability lines of Fig. 2, one of

assume that it is the maximum forces due to the vibratioﬁNhiCh corresppnds to th_e force configuration in Fih)1are
that determine the conditions for surface stability Theséwt relevant since stability has already been lost before these

maximum forces occur at times of maximum acceleration.
The three force components on the grain are thus 1 down-
wards, 'y, in a vertical direction, and’, in a horizontal
direction, when all forces are normalized by the force of
gravity. Half a cycle later, peaks in the oscillatory forces will
again occur but in the reversed direction. Thus for both the
+ phase and the- phase there are two points per cycle of k,
peak force that will lead to slippage if the resolved tangential T,
force F1 exceedsuFy . These four situations are shown in
Fig. 1. dy

The conditionF+=uFy leads to lines in thel(y,['y) H
plane that mark the boundary between stability and slippage.
These are shown in Fig. 2. An upward arrow indicates the
onset of slippage up the slope and a downward arrow indi-
cates a boundary between stability and movement down the
slope. The— phase boundary, resulting from force directions Iy
as in Fig. 1a), is given by L

+ phase

L

FIG. 2. The four stability boundary lines in th&,I"yy) plane
h= p—t (1-Ty), (1) corresponding to the four situations of Fig. 1. For clarity the regions
1+ put of surface stability for ther phase and for the- phase are indicted
by the shaded areas in the insets. The arrows indicate whether the
wheret=tan(d). The + phase boundary shown in Fig. 2 slip that occurs just above each stability line is up-hil) r down-
consists of an up-slope segment corresponding to @, 1  hill ().
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which enable the horizontal and vertical amplitudes, the rela-
L 1 vDT tive phase, and any deviations from sinusoidal motion to be
detected. In these experiments the deviations from sinusoidal
S HT motion are negligible and the uncertainty in the phase differ-
- ence is always less than 15°. The majority of the experi-
1

I BT ] 5 ments have been conducted in an atmosphere of ambient air.
/I 77 3 77 Although some authors have noted that air effects are not to
be expected in surface stability experimefts], we have
carried out tests using boxes evacuated to befo5 Torr
M and observe that the presence of air does in fact somewhat
modify the surface stability, as we shall report below.
Horizontal granular surfaces have been prepared by the
vT application of substantial horizontal motidh,>2, the am-
plitude of which is then slowly reduced. Slopes of various
angles have been prepared by the piling resulting from sub-
FIG. 3. A schematic diagram of the apparatus. The grains argtantial vertical vibration in the presence of air usifig
contained within a detachable box that may be shaken vertically ang3 alone, or with the addition of a smaller horizontal com-
horizonjtally by the two transducers VT.and HT. The three precisiorbonent_ Care has been taken to set up slopes that were of
ball slides B1, B2, and B3 ensure independent and accuratel,nsiant angle throughout the region of observation, the cen-
aligned movement. The vertical and horizontal motions are sepg;| section of the box. The onset of surface motion has been
rately monitored by two LVDT's, observed with the eye and through a low power optical mi-
croscope using light reflected from individual grains. Under
vibration these reflections become streaks and it is the move-
ment of these streaks that we observe. It is helpful, whenever
ossible, to angle the axis of the microscope so that it lies
pproximately parallel to the motion of the vibration at the

zlt??]'::tyrl]'iniz:jsa?g;'n_lt_irz(ﬁgtv\frﬁ': {ah)?f 3&5\::(:) r:1LS|c?:rt gt aen— point of slippage. Most of the measurements have been car-
gntly nig ’ ’ 9€N- ied out on sand or glass ballotini. The silica sand is of ir-

eralization of the force model described above. Note that G\Iegular shape and has dimensions that lie in the range
any nonzero freq_uency, the maximum fordgs gndFV are 00-800 um. In its history it has been weathered suffi-
only applied fleetingly whereas a grain needs time to respon

SR . . P Ciently to somewhat blunt the sharpest edges. The glass bal-
s i are of imensions 75-15gum. 160-300um, o
: . . 9N 25_600 pum and are close to spherical in shape. The sand
tude of the horizontal and vertical forces are each reduced b

. ¥nd ballotini self-pile in air under vertical vibration alone,
a factor 1/(L+ .5)’ W_here_é may be q_fun_ctlon_ of frequency. the larger ballotini more slowly than the sand or smaller
Such a rescaling will shift the stability lines in thE,T"y) .S
; . . ballotini.
plane, while leaving the slopes and structure of the diagram

unchanged, i.e., the stability lines will be given by E¢s,

—Ho<r|—
2

conditions are reached. It should be noted tha#a0 the
boundary lines for the- and — phases coalesce to the form
Fy=p(1-Ty).

As shall be seen below, the experimentally determine

(2), and(3) with the 1 in brackets replaced by+1s. For a IV. OBSERVATION OF SLIPPAGE ON HORIZONTAL
horizontal surface, this modification is equivalent to the cor- SURFACES

rection parameter introduced empirically by Tennakoon and | o

Behringer[18]. Figure 4 shows the stability line observed on a freshly

The validity of these simple models has been compared'eated horizontal surface of glass ballotini of 180306
with experimental observations of surface stability made orfiameter vibrated at 25 Hz. Iy is set to a low value and
a variety of granular materials with different slope angles! + IS slowly increasede.g. along the patl in Fig. 4) the

and over a frequency range of 12.5 to 35 Hz. first sign of surface activity involves an occasional grain
chattering in a particularly shallow well. At a slightly higher
Ill. EXPERIMENTAL METHODS value of I'y these few grains break loose and move on the

surface until they find a more secure well and again become

The experiments were conducted on grains containedtationary. Close to the stability line indicated in Fig. 4, a
within a perspex(PMMA) box of internal width 11 mm, substantial fraction of the surface grains are chattering and
length 50 mm, and depth 50 mm. Preliminary tests showe@n appreciable minority have broken loose at any time, in
that it was necessary to roughen the bottom of the box, or tapparently random directions. Individual grains may come to
fill the box to a depth exceeding about 6 mm, to avoid prob+est or may hit other grains to form local avalanches. Just
ing slippage between the bottom of the box and the granulaabove the stability line most of the grains are observed to be
system. Our measurements have been conducted with depthsdergoing apparent random motion. The onset of surface
of 20 mm-30 mm, for which the first slippage is always atmotion is slightly hysteretic; once motion has beglip
the free surface of the grains. The box may be vibrated botmust be decreased somewhat below the stability line for mo-
along the horizontal and vertical axes by two transducers, thgon to cease.
motions being constrained by precision ball slidegy. 3). It is clear that, on the basis of visual inspection and in the
The horizontal and vertical box motions are monitored bypresence of hysteresis, the position of the “stability line” is
two linear voltage-displacement transducefsVDT’'s),  difficult to define precisely. We have used the criterion that,
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FIG. 5. The parametef plotted as a function of frequendgiiz)
for ballotini of dimensions 75—15Q:m (crosses 180—300 um
(open circleg and 425—-600um (filled circles.

FIG. 4. The boundary of stability in thd'(,,I'y) plane for a
horizontal surface of 180—30@m diameter ballotini vibrated at
25 Hz. The broken line corresponds to a surface after “aging” and
the routesa, B, andy are discussed in the text.

line behavior as the instability passes from surface move-

ment to slippage that extends well below the surface. How-
ever, two features indicate deviations from the simple model.
time scale of one minute; on this criterion it certainly falls F|rs_tly, a_t low valu_es OT_V’ the °bse”"’?‘.'°”? deviate f_rom
within the “error bars” indicated. straight-line behavior, with' at the stability line becoming

If T\, is set to an intermediate value, e 0.5, andl'y, independent of'y, as the plateau shown in Fig. 4 in(_jicates.
is again slowly increasetpath 8 in Fig. 4) similar events S€condly,l'y; does not become zero By =1 as the simple
occur, but the motion of the grains close to and above théhodel suggests, but at a higher vallig=1+ 6. In Fig. 4,5
stability line is less random, consisting of some apparentlys equal to 0.28. A similar effect has been reported by Ten-
random jostling superimposed upon an obvious overall monakoon and Behringer in measurements on Ottawa [s&8]d
tion in a direction dictated by the relative phase of the verFor this reason we introduced above the modified friction
tical and horizontal vibration. A§'\, approaches or just ex- model in which the strength df,; andI', are reduced by a
ceeds unity, andl' is again slowly increasegathy in Fig.  factor of 1/(1+6). The zero-slope stability line then be-
4) very little surface jostling is observed at the stability line. comesl',= u(1+ 6—T"y). We will investigate the ability of
Rather the surface slips as a whole, the slippage extendingyis two-parameter model to describe surface stability in a
for a number of grain diameters below the surface. Fgr  range of granular materials under different driving conditions
values greater than unity it might be expected that the flooand slope angles.
of the box would separate from the grains as the box accel- We have measured the=0 stability lines for three sizes
erates faster than the grains can fall under gravity. Howeveif ballotini, 75—-150um, 180—-300um, and 425-60Qum,
for those parts of the stability line withy,>1, we observe and at frequencies of 12.5 Hz, 25 Hz, and 35 Hz. For each
that the only motion of the grains relative to the box takessystem considered, the quality of the data is comparable to
place close to the upper surface. Thus the nature of the irthat shown in Fig. 4. We observe that the stability line is
stability varies with the magnitude df,,, from individual  straight over most of its span despite the nature of the failure
grain movement at low values, through slippage just belovwof stability passing from the surface to the bulk. Conse-
the surface, to deeper slippage at higher values,of quently we have been able to extract valuessoénd the

The plateau region observed in the Idw, part of the gradient—u for each of the systems and the results are
stability diagram is far more susceptible to “aging” than shown in Figs. 5 and 6. It may be seen that, within the errors
other regions. If an appreciablg, <1 is applied for a period of the experimentg increases linearly with frequency, and is
of time to a newly created surface, or surface motion is relarger for smaller grains. The coefficient of friction deduced
peatedly induced and then stopped, the plateau region of tifeom these measurements is also a function of frequency,
stability line is displaced to somewhat higher value$'gfas  increasing as the frequency is lowered. This frequency de-
is shown by the broken line in Fig. 4. However, we havependence is stronger for smaller grains. For each grain size,
been unable to remove the plateau region completely. u may be extrapolated to a zero frequency value of 0.80

In comparing the observed stability behavior with the pre-=0.02. It is not surprising that the extrapolated values are
diction I'y=u(1-T"y) of the unmodified Coulomb friction very similar, since the ballotini are all of the same shape and
model, a number of features are evident. Despite the changach sample spans a similar range of dimensions. This ex-
ing nature of the surface slippage at different value¥'of  trapolated value is in excellent agreement with measure-
the observed stability boundary is very close to a straight linenents obtained from the static angle of repose, which lie
in the ('y,I'y) plane over most of the range &f,. In  within the range 0.78 0.04.
particular, there is no appreciable deviation from straight- These stability experiments have been repeated on sand,

for a givenI'y,, the stability line lies at the lowest value of
I'y for which all of the surface grains will move within a
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FIG. 6. The coefficient of frictiornu, deduced from measure- v
ments on horizontal surfaces, plotted as a function of frequency
(Hz) for ballotini of dimensions 75—15@m (crosses 180—300 0.8 k (b)
um (open circley and 425-60Qum (filled circles. The value ofu
corresponding to the static angle of repose is indicated by an arrow. 07 k
giving similar results. Againd is linearly dependent upon 06 |
frequency and the values pf at frequencies of 12.5, 25, and
35 Hz may be extrapolated to obtain a zero-frequency coef- 0.5
ficient that is in agreement with the coefficient of friction Ty N

extracted from measurements of the static angle of repose
(1.01£0.05).

We have repeated the experiments of Fig. 4 in a box that
was evacuated to below 0.5 Torr; at these pressures the vis-
cous air damping is severely reducgt®]. As I'y is in-
creased along the path, the chattering is enhanced by the
removal of the air and the avalanches are more extensive, the
granular motion being clearly more lively. Along patifs
andy motion also occurs at lower values Bf; . The effect
on the stability line is to lower its position throughout by
aboutAl';=0.1. While the form of the plateau and the value ¢y 7 the houndaries of stability in thé(,T'y,) plane for a
of u are very little Changed., the value 6fis app_rOXImatgly sloping surface of 180—30@m diameter ballotini vibrated at 25
halved by the removal of air. It thus appears likely thds ;. () tan(6)=0.2 and(b) tan(6) =0.4. In each diagram the lower
determined by damping. The higher valuesdofor smaller  gata is for the— phase and the upper data is for thephase. The

sized grains are also consistent with this conclusion. arrow indicates the boundary between surface stability and up-hill
motion while the arrow| indicates the boundary between surface
V. OBSERVATION OF SLIPPAGE ON SURFACES stability and down-hill motion.

OF NONZERO SLOPE

We have carried out detailed observations of surface slipP@Ssing to a collective motion down hill as higher values of
page using ballotini of dimensions 180—-3@@n, slopes of 1'v are applied, with deeper layers involved. Thephase
tan(¢)=0.1, 0.2, 0.3, 0.4, and 0.46, and a frequency of 2sstability line has two sections, a down-hill section at [Byy,

Hz. We investigate the limits of stability for both the ~ and at higher values dfy, a straight up-hill section. For
phase and the- phase in air. The results for ta#)=0.2 are  those slope angles free of the loW, plateau[tan(6)
shown in Fig. 7a) and for tan@)=0.4 in Fig. 1b). Ineach >0.15], and to within experimental error, the phase
case the stability lines have much in common with the predown-hill section is the extension of the down-hill phase
dictions of the simple Coulomb friction model shown in Fig. line reflected abouf',,=0, as the Coulomb friction model

2. The lowI'y plateau observed &=0 has largely disap- predicts. While the simple model suggest an abrupt change
peared by tarf) =0.1 and is completely absent for the larger of slope at the boundary between the t(an Fig. 2), ex-
angles of Figs. (& and 7b). perimentally the cusp is rounded. For the down-hill section

As expected the- phase stability boundary has the form the surface motion following the loss of stability consists of
of a single straight line and when stability is lost, the motionnear random jostling with a small average down-hill compo-
is down hill. The surface motion at loW,, consists of near nent. AsTI'y is increased, the down-hill motion becomes
random jostling with a small average down-hill component,more collective. In the up-hill section the motion again be-
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TABLE I. The coefficient of frictionu deduced from the sta- clear that the effective coefficient of friction deduced from
bility conditions for surfaces at various tilt angles. The valueg.of surface stability measurements and the Coulomb friction
for positive tan@) are estimated from the boundary between stabil-model is, in general, dependent upon both frequency and
ity and down-slope motion, while the values fpr for negative  sjope angle. However, it becomes less dependent upon angle
tan(f) are estimated from the boundary between stability and upzt [ower frequencies and for larger grains, the situations for
slope motion. which the data of Figs. 5 and 6 indicate the closest approach
to the static limit.

Slope Ballotini Sand Sand

angle 180-300um 300-800um 300-800um

tanho) 25 Hz 25 Hz 125 Hz VI. DISCUSSION

0.46 0.70 Knowledge of the conditions under which a system of
0.4 0.67 1.15 1.03 grains is stable to both horizontal and vertical vibration is
0.3 0.64 1.12 1.00 extremely important in very many practical situations. Our
0.2 0.62 1.05 1.05 studies have shown that the nature of the surface instability
0.1 0.57 1.04 1.03 varies with the magnitude df,,, passing from instability to
0.0 0.55 1.03 1.05 jostling motion with a large random component at lower val-
~01 0.46 0.97 1.06 ues ofl"y,, to instability to collective motion at higher values
—0.2 0.35 0.87 1.01 of 'y, with deeper layers being involved. It is clear from our
~03 0.23 0.79 1.01 observations that stability failure involves the complex dy-
—04 0.11 0.73 0.91 namic motion of the grains resulting from the vibrations of
~0.46 ~0.02 their neighbors. It is influenced by damping, both due to

inelastic collisions and the viscous nature of air. These ef-
fects lead to apparently random motion at the surfdoe
comes increasingly collective as higher valued'gfare ap- I'y) or to surface layers flowing over the underlying grains
plied, but with a greater jostling component than for down-with little relative motion within a layethigherT'y)).

hill motion. At these high values dfy,, localized regions of Simple additional experiments have been conducted to in-
the surface are observed to “melt” and “resolidify,” corre- vestigate the motion of a free 4-mm-diameter steel ball rest-
sponding to up-hill avalanches. ing upon a close-packed layer of similar balls, which have

In interpreting the detailed form of our stability diagrams been glued into position on a horizontal plate. The plate was
we note that, within the experimental error, thephase and then vibrated vertically and horizontally at 25 Hz. Rg is
— phase stability lines intercept the horizontal axis at thevery slowly increased at low,, the free ball is observed to
same value of',=1+ § irrespective of the angle usetthe  begin chattering within its well. The amplitude of the chat-
observed intercepts are thus consistent with the modifietering increases and eventually the ball is thrown out of the
model, with § being independent of the slope. The gradientswell, in no particular direction. This is consistent with the
of the stability boundaries may be used to deduce values afhattering and random motion found along patlof Fig. 4.
the coefficient of frictionu for the various slope angles and The overall stability diagram for such a steel ball is in fact
for down-hill and up-hill movement. These are shown inremarkably similar to that of the collection of grains of Fig.
Table I. It is convenient to offen () for positive and nega- 4, exhibiting the flat plateau at low,, and straight line
tive angles, the positive angles corresponding to the boundsehavior at highet’y,. The value ofé is nonzero, and de-
aries of down-hill movemerideduced from Eq(l)] and the  pends upon how the static balls are mounted.
negative angles corresponding to the boundaries of up-hill For our granular systems it is noteworthy that the stability
movement{deduced from Eq(2)]. boundaries in thel{y,I'y) plane are usually straight lines

It may be seen that the coefficient of friction of the 180— over wide ranges of the variables, the exceptions being the
300 um ballotini measured at 25 Hz is a strong function of plateaus found at low', for  close to zero, and the rounded
slope angle, particularly for thé phase for whichu reduces  cusps between the up-hill and down-hill sections of the
dramatically with angle. At higher angles, as the static anglephase stability lines. With these exceptions the boundaries
of repose is approached, it actually reaches zero to within thare of the formal’y, +bI'y=1, wherea andb are parameters
observational error. Experimentally, the limits to up-hill that depend upon the given slope angle, phase, and driving
granular movement for any particular valuelof, lie at a  frequency. This linearity is sufficient to ensure that the sta-
lower value ofl'y than predicted by the model, withh de-  bility conditions may be described by resolving forces into
termined from static measurements alone. It requires less viangential and normal components and by using a “coeffi-
bration to move grains up hill than is expected. Data is alsaient of friction.” The success of the static Coulomb friction
shown for 300—80Qum sand measured at 25 Hz. We ob- model in predicting the overall structure of the stability dia-
serve a dependence pf upon #; again it is easier to push gram is apparent. However, the simple model has two fail-
grains up hill than predicted. However for these larger grainsngs: (1) the coefficient of friction is observed to depend
the variation ofu with angle is less pronounced. Finally we upon frequency, slope angle, and phase, @dhe bound-
present data for sand taken at the lower frequency of 12.8ry lines are such that whdrny=0, I'y=1+ 6, where§ is
Hz. It may be seen that in this cageis essentially indepen- dependent upon frequency and grain type but not upon angle
dent of angle except for up-hill motion at the highest angleor phase.
measured. This constant value is consistent with the coeffi- Due to the fluctuating rather than static nature of the sur-
cient of friction obtained from the static angle of repose. It isface, an empirical model in which the effectiveness of both
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I'y and T’y is reduced by a factor of 1/(#6), has been allowing for the small errors in performing the experiments,
used. This parametrization was chosen so that all the norand the differences in the definition of “stability.” In the
trivial angular dependence of the stability boundaries is conTennakoon and Behringer experiments an attempt is made to
tained withinu(6). It is also possible to consider different obtain static stability, waiting, in principle, until the “last”
reduction factors fol’y; andI'y, and to treat these as inde- grain has moved. In our own experiments we have judged
pendent parameters, rather than allowintp vary. We have  the stability lines to be at the least values [df and I'y
fitted the experimental data to this type of behavior but findyhere all grains move within the time scale of a minute.
that no new physical insight is gained from such a modelnevertheless the agreement is acceptable. However, we have
Note that, whatever parametrization is used to describe thgow established that the effective coefficient of friction is a
system, the observations do correctly recover the static limifynction of angle, varying more strongly with angle at higher
as the frequency is lowered. The key to understanding thgequencies. This dependence has not been allowed for by
frequency and phase dependence of the parameters lies in thennakoon and Behringer, and no doubt contributes to the

detailed dynamics of the granular material. This includes thejiscrepancies between theory and experiment noted by these
chattering movement within local potential wells and thegythors.

damping that results from collisions and from the surround-
ing fluid.

Finally, we return to the self-piling experiments of Ten-
nakoon and Behring¢i.8]. We have carried out experiments
of this type on both sand and ballotini. We find that the static We would like to thank R.M. Bowley for very helpful
slopes obtained under the applicationlgf andI'y, are con-  discussions and to acknowledge the excellent engineering
sistent with the up-hill stability branch of our measurementsgskills of D. Holt.
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